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1 Introduction 

Let G be a possibly disconnected algebraic group over an algebraically closed field k of characteristic 
p > 0, such that its neutral connected component, H = G^, is a unipotent group. We recall that 
an algebraic group over k is defined to be a smooth group scheme of finite type over k. Let us fix 
a prime number I ^ p. If X is a k-scheme, we use 'D{X) to denote the bounded derived category 
of Q;-complexes on X. If the group G acts on X, we use VciX) to denote G-equivariant bounded 
derived category of Qpcomplexes on X. 

1.1 Heisenberg Idempotents 

Let be a closed connected normal subgroup of G, hence of H, such that the quotient H/N is 
commutative. Let C he a G-equivariant multiplicative Q^local system on A^. In particular, C is 
-fT-equi variant. For a k-scheme X, let Xpf>rf denote its perfectization. Then as defined in [B], we get 
a map 4>c : {H/N)perf (.H/N)*^^j., where {H/N)*^^,j^ is the Serre dual of {H/N)perf- We will only 
need to think about the k-points of iH/N)*^^.^ and these can be identified with multiplicative local 
systems on H/N. Let C be such that the map cpc is an isogeny, i.e. such that (A^, C) is an admissible 
pair for G, in the terminology of [B]. Let Kc denote the kernel of this isogeny. Let T>g{G) denote 
the G-equivariant (under conjugation action) bounded derived category of Q^-complexes on G and 
'Dh{G) the i/-equivariant bounded derived category. The categories 'D{G),'Dh{G) and VciG) have 
the structure of a monoidal category under convolution of complexes and Vg{G) has the structure 
of a braided monoidal category. As described in [B], in this situation, we can define a closed 
idempotent e G T>g{G). More explicitly, e = C iSi^n considered as a complex on G by extending 
by zero outside N, with the G-equivariant structure coming from the G-equivariant structure on C. 
Here K^v = [2 dim A^] (dim A'^) is the dualizing complex on A^. An idempotent on G obtained in 
this way is known as a Heisenberg idempotent. In this situation, we would like to study the Hecke 
subcategory eVciG). 



1.2 Main Results 

In this article, we will describe the category eVciG). First, we work with the category eDniG). 
Since H is connected, the forgetful functor from T)h{G) to 'D{G) is fully faithful. Hence we often 
implicitly consider the categories T>h{G) and eDniG) as full subcategories of 'D{G). Note that 
since e € Pg(G), we have eM = Me for all M E 2?(G). Moreover, e is a closed idempotent. Hence, 
it follows from |BDt §2] that ePj^(G) = eDH{G)e is a monoidal category with unit object e. Let 
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M.^^^^ denote the full subcategory of eVffiG) consisting of perverse sheaves. Then Alf^™ is an 
additive Q;-linear subcategory of Vh{G). It is also clear that e G ^Ae^^^[dimN]. We will prove the 
following results conjectured by V. Drinfeld. 

Theorem 1.1. A^f*^™ is a semisimple abelian category with finitely many simple objects (up to 
isomorphism). Each simple object in Aie^^^ is a suitably shifted local system supported on a closed 
non-singular subvariety ofG. Moreover, the canonical functor from Z)^(A1e^™) to eVniG) is an 
equivalence. 

We prove this result in ^4.2i To prove the theorem, it will be convenient to use the notion of 
quasi-equivariant complexes, which we define in §3.2[ In §3.31 we describe the support of such 
quasi-equivariant complexes. In ^3.4^ we describe the category of quasi-equivariant complexes on 
a homogeneous space. In §3.51 we give an alternative description of the category eVniG) as the 
category of certain quasi-equivariant complexes on G with respect to the action of H t< N on G, 
where H acts by conjugation and N acts by left multiplication. In §4.11 we show that these quasi- 
equivariant complexes can only be supported on finitely many H x A^-orbits in G. Each orbit is a 
non-singular closed subvariety of G and is a homogeneous space for H t< N. Hence, the results from 
§3.4l will give us an explicit description of the category of quasi-equivariant complexes supported on 
a single orbit. In particular, we will show that the category of quasi-equivariant perverse sheaves 
supported on a single orbit is semisimple abelian with finitely many simple objects and that the 
category of quasi-equivariant complexes supported on that orbit is the bounded derived category 
of the former category. (See Proposition 13.101 ) 

Theorem 1.2. The subcategory Me ■= Ale'^''^ [dim A^] C VniG) is closed under convolution, and 
is a monoidal category with unit object e. 

Since e is a unit object in eP//(G), the theorem is equivalent to the assertion that if M, L € M^^^^ , 
then M *L £ M^^^^ [— dim A'^] . We prove this theorem in N5.31 Let us explain the idea of the proof. 
In §5.11 we show using Artin's theorem, that M * L G vd>'^^'^^ {G). Then, we will need to use a 
notion of duality in the category eT)}{{G), which is weaker than rigidity. We describe this in ^2.31 
Namely, we construct an antiequivalence L i-^ of eVniG), such that for M,L G eVniG), we 
have functorial isomorphisms 

Hom(M, L^) = Hom(M * L, e). 

The subcategory Me is stable under this antiequivalence. In ^5.21 we compute * M, where 
M G Me is a simple object, and see that it lies in Me- Moreover, we will see that it is supported on 
H. In ^4.31 we describe all the simple objects of the category Me supported on H (Proposition 14. 6p 
and compute the convolution of a general complex in Me with these simple objects. In particular, 
we will see that these convolutions also lie in Me- (See Proposition 14.71 ) From this, it follows that 
for any M,L e Me, * {M * L) = (M^ * M) * L G Me- Then in ^SM, using the semisimphcity 
of Me, we will deduce that we must in fact have that M * L £ Ale- 
Theorem 1.3. The category Me is rigid monoidal, and hence a fusion category. 
Let r = G/H. Then we have the P-grading T){G) = @ T>{H^). This gives us the grading 

H^£G/H 

Me = © -^6,7, where Me,^ is the full subcategory of Me consisting of objects supported on the 

7Gr 
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i?-coset corresponding to 7 € T. We will see that the trivial component Aie,i is pointed, i.e. all 
simple objects in Aie,i have an inverse. In JjU we prove that under these conditions, a tensor 
category satisfying the weak duality property described above is in fact rigid. From this we can 
conclude that Ale is a fusion category. 

We will see in ^2.41 that the categories VniG) and eVniG) have the structure of a braided 
F-crossed category. This induces a braided T-crossed structure on A^e- The F-equivariantizations 
eVniG)^ and Afg are braided monoidal categories. It is easy to see that we have the following: 

Lemma 1.4. We have an equivalence e'DciG) = eT>H{G)^ of braided monoidal categories. Under 
this equivalence, the full subcategory of eDciG) consisting of those objects whose underlying Q;- 
complex is a perverse sheaf shifted by dim A^, gets identified with Alg . 

As defined in [B], we have the twist automorphism 9 of the identity functor on 'Dq{G). This 
gives us a twist, which we also denote by 9, in M^. 

Theorem 1.5. (i) The category A(g is a semisimple abelian category with finitely many simple 
objects. For each simple object, the underlying Qi-complex is a suitably shifted local sys- 
tem supported on a closed non-singular subvariety of G. The canonical functor D^{M^) — s- 
eD}j{GY — e.T>G{G) is an equivalence. 

(a) The category Aig is a braided fusion category. 

(Hi) The twist 9 defines a ribbon structure on A/g and hence gives Alg the structure of a pre- 
modular category. In fact, Aig is a modular category. 

Statements (i) and (ii) follow readily from the previous results. We verify in i l7.ll that 9 indeed 
defines a ribbon structure on Alg . In §4.41 we show that the twists in the category eT>H{H) define 
a quadratic form (which we also denote hy 9) 9 : Kc — > Q/ which gives us a polarization of a certain 
non-degenerate symmetric pairing B : Kc x Kc — > Q/ . From this we conclude that the category 
Ale,i is the modular category corresponding to the quadratic form 9 on Kc- In particular, A(e,i is 
a non-degenerate braided fusion category. Using results from |DGN01 §4.4.8], we can deduce that 
Aig is a non-degenerate braided fusion category, and hence a modular category. 

1.3 Acknowledgments 

1 would like to thank my advisor, V. Drinfeld and M. Boyarchenko for introducing me to this 
subject, for the many useful discussions and for suggesting various improvements and corrections. 

2 The categories V{G),Vg{G) and Vh{G) 
2.1 Convolution of complexes 

Let : G X G ^ G denote the group operation on G. For any algebraic group G, we have a 
convolution with compact supports, which is a bifunctor * : T>{G) x T>(G) V{G). Namely, for 
M,L G we set M*L = /i!(MKL). This makes each oiV{G),VG{G) and VniG) a monoidal 

category with the unit object 1 given by the delta sheaf supported at the identity 1 of G, with 
the stalk at 1 equal to Q^. If L is a G-equivariant complex, then we can define isomorphisms 
M*L ^ L*M for ah M G V{G). In particular, we have e*M ^ M*e for ah M G V{G). 
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For M G V{G) and 5 G G, let us denote by the right translate of M by g, i.e. = r*_iM, 

where r„-i : G G denotes multiplication on the right by (7~^. Similarly, we define = l*_iM, 

where Ig-i denotes left multiplication by g~^. It is easy to check that = 6g*M and = M*6g, 
where 6g denotes the delta-sheaf at g. This observation implies the following: 

Proposition 2.1. Let M,L G T^{G) and g,gi,g2 G G. Then we have the following canonical 
isomorphisms: 

(a) (M9i)92 ^ and 3^{9^M) ^ a^^^M. 

(h) {9^M)9^ ^ 91 (^M9^). 

(c) M * {L9) ^ (M * ly and {9M) ^ (M * L). 

2.2 Duality in V{G) and Vh{G) 

Let us now describe a duality in 'D{G) and DniG), which is weaker than the notion of rigidity and 
rigid duals. Namely, there exists an antiequivalence = D~ : T)[G) — > T>[G) such that we have 
functorial isomorphisms 

Hom(M, B^L) = Hom(M*L, 1), for M, L G V{G). (1) 

This also induces an antiequivalence B^ = B^ : Vh{G) —>■ T>h{G) satisfying the above property 
for M,L G 'Dh{G)- Explicitly, B~ = B o i* = /,* o D, where t : G — > G is the inversion map and 
B : V{G) V{G) is the Verdier duality functor. 

Remark 2.2. Since the Verdier dual of a perverse sheaf is perverse, we see that the antiequivalence 
B^ stabilizes the full subcategories of V{G),Vh{G) consisting of perverse sheaves. 

2.3 Duality in eVniG) 

Using the duality in DniG) described above, we can define a similar duality in the Hecke subcate- 
gory eVniG). 

Proposition 2.3. The full subcategory eT>H{G) C T>h{G) is stable under the functor B^. 

Proof. Suppose L G eT>H{G) i.e. the map L — > e*L is an isomorphism. Then from ([T|), we 
conclude that for all M G T)h{G), the map M M*e induces a bijection, Hom(M*e,B~L) = 
Hom(M,B-L). From this we conclude that B^L G VH{G)e = eVniG). (See [BD],§2.) □ 

Proposition 2.4. We have an antiequivalence, L 1-^ of eT>H{G) such that we have functorial 
isomorphisms 

Hom{M, L^) = Hom{M*L, e), for M,Le eVniG). (2) 
Namely, for any L G eVniG), set = (B"L)[2dimiV](dim A^). 

Proof. We first note that we have a canonical isomorphism B^e = e[— 2 dim A^](— dim A^), and 
hence a canonical isomorphism = e. By ([T]), we have that 

Hom(M,B"L) = Hom(M*L, 1) = Hom(M * L * e, 1) = Hom(M * L,B"e). 

Hence we conclude that we must have functorial isomorphisms Hom(M, L^) = Hom(M*L, e). □ 
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Remark 2.5. Using the fact that stabihzes the full subcategory of perverse sheaves, we see 
that the antiequivalence (•) stabilizes A4e'^^^ [dim N] = Me- We also note that if L G eVniG) is 
supported on Z C G, then is supported on l{Z). 

2.4 Braided F-crossed structure on T>h{G) 
Let us first recall some definitions. 

Definition 2.6. Let C be an additive monoidal category and let F be a finite group. A F-grading 
on C is a decomposition C = Cy such that for 71, 72 G F we have C^^ C^^ C C-y^^j- We say that 

a grading is faithful if C-y 7^ for all 7 G F. 

Definition 2.7. Let F be a finite group. A braided F-crossed category C is an additive monoidal 
category C equipped with the following structures: 

(i) a F-grading C = © C^; 

(ii) a monoidal action of F on C such that g{Ch) C Cgi^g-i for all g,h 

(iii) for 51 G F, X G Cg, F G C isomorphisms 

cx,Y-X^Y^ g{Y) X (3) 
functorial in X and Y called F-braiding isomorphisms satisfying the following conditions: 

(a) 7(cx,y) = c./{x)MY) all 7 ^ F; 

(b) the following diagrams commute for all g,h & F, X & Cg and Y e Ch 

X^Y^Z "-^^^ — > g{Y ^Z)®X (4) 

cx,Y'^id,z = 
g{Y) ®X®Z "^'^ giy) ® g[Z) (g) X 

X®Y®Z ''-^^^ >gh{Z)®X®Y (5) 

X (g) h{Z) (g) Y. 

Let us now describe the braided F-crossed structure on T) 11(G). Firstly, we have the grading 
T>h{G) = © Vh{H^). Then we also have that 

for 7,7' G G, where 7^^ : H^^'^~^ H^' denotes conjugation by 7~^. For 7 G F, let 7 G G 
denote a lift. The functors (7"^)* : T>h{G) Vh{G) for 7 G F define an action of the finite group 
F on Vh{G). 
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Let us now construct the crossed braiding, namely for M G DniHj) and L G T>h{G) we 
construct functorial isomorphisms 

CM,L--M*L^{j-^)*L*M. (6) 

Note that we have the following commutative diagram: 

H'yxG — ^ HjxG 

GxHj— >G, 

where T{h'^,g) = {g,h'^) and i{h'^,g) = {h^,^~^h~^gh'y). Hence we have 

{j-^yi * M ^ ^! ((7-^)*L M M) 

^/im (MK(7^^)*L) 
{M^ir^fL). 

Hence it is enough to construct an isomorphism ^! (MKI (7~^)*L) M Kl L of complexes on 

H^l X G, or in other words, an isomorphism p\M (8)^2(7" )*-^ — ^ .^*PiM (g) .^*P2-^ = p\M ® 
C'*{'y^^)*L, where pi,P2 denote the two projections from x G and C" : x G ^ G is 
defined by {h^,g) ^ h~^gh. Such an isomorphism is defined using the i?-equivariant structure 
on (7~^)*L. Hence we get a braided F-crossed structure on Vh{G). This also defines a braided 
F-crossed structure on eVniG). 

3 Quasi- equi variant complexes 

In this section, we will describe the notion of quasi-equivariant complexes and give descriptions of 
eV{G) and eVniG) as categories of certain quasi-equivariant complexes on G. 

3.1 Multiplicative local systems 

Let us first define the notion of a multiplicative local system on a possibly disconnected algebraic 
group. 

Definition 3.1. Let G be an algebraic group over k and let : Gx G ^ G denote the multiplication 
morphism. A multiplicative local system on G is a pair {C,(3), where £ is a nonzero Qplocal 
system on G and (5 : ix*C £ £ is an isomorphism such that the two induced isomorphisms 
(/X X idG)*H*C C and {ida x fj,)*fi*C CM C are equal modulo the canonical 

identification (/i x idc)* iJ*C = (idc X ^)*ji*C. We will often abuse notation and only use C to 
denote a multiplicative local system. 

Remark 3.2. If (£, (3) is a multiplicative local system on G, then /? induces an isomorphism between 
the stalk of £ at 1 and the 1-dimensional space Q;. Moreover, if G is connected, then a rank 1 
local system £ on G has a multiplicative structure if and only if /x*£ = £ lEl £, and in this case, 
multiplicative structures on £ are in bijection with trivializations of the stalk C\. Hence if the 
group G is connected, we will not explicitly mention the multiplicative structure. 
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Remark 3.3. Let U he a unipotent algebraic group over k. Let us fix an embedding ■0 : Qp/Zp — > 
. Then we can identify the group of isomorphism classes of central extensions of U by Qp/T^p with 
the group of isomorphism classes of multiplicative local systems on U. (See jSl §5].) In particular, 
every multiplicative local system £.' on U comes from a central extension 0—>74— — >0of 
[/ by a finite group A, and a character x '■ ^ ^ Qi ■ 



3.2 The category Vu,c'{X) 

Suppose we have a unipotent group U over k acting on a variety X over k. Let (£', (3) be a 
multiplicative local system on U. Let us now define the category of {U, £')-equi variant complexes 
on X. 

Definition 3.4. Let U, £.' and X be as above. Let a : U x X ^ X denote the action. By 
'Dij^£i{X), we denote the category of (?7, >C')-equivariant complexes on X, whose objects are pairs 

(M, (/)), where M G 'DiX) and (p '■ ct*M C' MM such that the composition of the isomorphisms 

(idu X aya*M ^ {fi x idx)*a*M , ^ idxT{C' m M) 

c'mc'M M 

equals the composition 

{idu X aya*M ) {idu x a)*{C' M M) ^ C M {a*M) 

^ , r' r' 



Cm CM M. 

A morphism v : (M, (j)) (L, ^) is a morphism v : M ^ L such that ifj o a*{v) = {idc M v) o (p. 
The composition of two morphisms in is defined as their composition in V^X). Let us 

denote the category of (C/, £')-equivariant perverse sheaves on X by ^A^2''i-^)■ 

Remark 3.5. Note that 'Djj-^^(X) is exactly the category 'Dij{X) of [/-equivariant complexes on 
X. Note that if U is not unipotent, the above definition becomes unreasonable already in the case 
when C is trivial. 

Remark 3.6. We have a natural forgetful functor from Du^c/^X) to If U is connected, 

this functor is fully faithful and its essential image is the full subcategory of T>{X) consisting of 
complexes M such that a*M = CMM. 

Proposition 3.7. Let U, {C , f3), X be as above. Consider a central extension 

of U by a finite commutative group A. Let a = a o (vr x idx) ■ U x X ^ X be the induced action. 
Let jl denote the multiplication on U. Then we have a natural fully faithful functor T)jj ^^/{X) — s- 
defined by {M,(j)) (M, (vr x idx)*(p)- The essential image of this functor consists of 

the objects (M, (^) G V^^,^,{X) such that (pUxX ■ a*M\AxX = Qia^M ^Qi^MM = -k*C\aMM 
is the identity. 
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Proof. Note that {it*C' , (vr x vr)*/5) is a multiplicative local system on U. It is clear that we indeed 
have such a functor. That this functor is fully faithful follows immediately from the definition 
of morphisms between quasi-equivariant complexes and the fact that two morphisms are equal in 
T>{U X X) if and only if their pullbacks via the etale cover (tt x idx) are equal in x X). 
Note that we have a canonical trivialization Tr*C'\A — Qi\a as multiplicative local systems. Let 
(M,0) G Vu,c'iX). Then ((tt x idx)*4>)\AxX = (i x idx)*{iT x = (1 x idx)*4> must be the 

identity. On the other hand, let [M^cj)) G be such that (j)\A-xX is the identity. Now (j) 

satisfies the compatibility relation 

((tt x vr)*/? M idAi) o (/i X idx)*4) = («f^7r*£' ^ (t>) o {idjj x a)*(t>. 

Restricting this equality to A x U x X, we deduce that (p is a morphism in T>a{U x X) and hence 
(p = {tt X idx)*<j) for some isomorphism (p : a*M ^ C ^ M. Since (j) satisfies the compatibility 
relation, it follows that cp must also do so. □ 



3.3 Support of quasi-equivariant complexes 

Proposition 3.8. Let {M,(p) be a {U, C')-equivariant complex on X. Let x (z X be such that 
Mx 7^ 0. Let Ux denote the stabilizer of x in U. Then we must have C'\u^ = Q;. 

Proof. We have an isomorphism (p : oi*M C M M oi complexes on [/ x X. Restricting this 
isomorphism to Ux x {x}, we get an isomorphism Mx — CJ\ux ® of complexes on Ux x {2;}, 
where we use Mx to denote the constant complex. Since Mx 7^ 0, we conclude that we must have 



3.4 Quasi-equivariant complexes on a homogeneous space 

Following a suggestion made by M. Boyarchenko (Proposition l3. 10[ ) . let us now describe the category 
of quasi-equivariant complexes on a homogeneous space for a unipotent group U . Let Vec = Vec^^ 

denote the category of finite dimensional vector spaces over and D^{Vec) its bounded derived 
category. If A is a finite group, the category P^lpt) is equivalent to the category whose objects 
consist of objects of D^{Vec) with an action of A. Here pt stands for Spec(k) equipped with the 
trivial action by A. 

Lemma 3.9. Let U be a unipotent group acting transitively on a variety X . Let x ^ X . Let 

Ux U he the stabilizer of x. Then taking the stalk at x induces an equivalence of categories 
T>if{X) = V^^(^u_^-^{pt). Under this equivalence, A^^^™(X)[— dimX] corresponds to Rep{TTo{Ux)) ■ 

Proof. We will use Lemma 4.4 from [B]. Consider the action of U x Ux on U, given by (g, h) ■ u = 
guh-'^. Let Ni = U x {1} and N2 = {1} x Ux- The map U {x} is an A^i-torsor, so DuxuS^) = 
Du^{x) by Lemma 4.4 in pBj. Note that A'^i admits a complement H = {{h^h)\h € Ux} C U x Ux- 
The map a : {x} U which sends x to 1 is an i?-equivariant section. Hence the equivalence above 
is induced by o'*(by Lemma 4.5 from [BJ). Also, the map [/ — > X given by g ^ gx, is an X2-torsor, 
so we have the quivalence DuxuA^) — Du{X) induced by pullback along the torsor map. So we 
see that we have an equivalence Du{X) = Dij^{x) induced by taking the stalk at x. Now an object 
of Du^{x) is an object of D'^iVec) with an action of vro(C/x)- Moreover, since the action oiU on X 
is transitive, M^'^'"{X)[— dimX] is the full subcategory consisting of all equivariant local systems. 
Hence this subcategory corresponds to Rep{'KQ{Ux))- □ 
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Let ?7 be a unipotent group over k and let (£', /3) be a multiplicative local system on U. By 
Remark 13.31 there exists a central extension — > A U [/ — > of C/ by a finite commutative 
group A, along with an isomorphism r : Tr*C' Q^^ of multiplicative local systems on U. On the 
other hand, since vr o i = 1, we have a natural trivialization 7r*C'\A — Qia multiplicative local 

systems on A. Hence we have an automorphism Q;^ = Tr*C'\A — Qia of the trivial multiplicative 
local system on A, or in other words, a homomorphism x ■ ^ ^ Qi ■ Suppose U (and hence U) 
acts transitively on X. For x £ X, let Ux (respectively Ux) be the stabilizer of x in [/ (respectively 
U), so that we have a central extension ^ A ^ Ux ^ Ux ^ 0. 

Proposition 3.10. Using the terminology of the paragraph above, we have an equivalence of 
categories T>uc>{X) = V-^ ^{pt), where Jpt) C D_^^fjj^-^{pt) is the full subcategory con- 

sisting of objects of ){P^) such that A actso by the character x- Under this equivalence, 

M.^jJ'^^,{X)[— d\m.X\ corresponds to the category Rep^{nQ{Ux)) of Qi-representations ofTTo{Ux) such 
that A acts by the character x- Hence the canonical functor from D^{Jv(^''^,[X)) to T>u^£^i{X) is an 
equivalence. All the objects of A4^^^,{X) are local systems shifted by dimX. 

Proof. Note that we have a sequence of functors Vtj^c'lX) — > Vjj ^,^,{X) Vq^X) T>a{X). 
Let {M,(j)) € Dfj^c'i^)- Then the sequence of functor sends 

(M, (p) ^ (M, (vr X idx)*4>) ^ (M, (r M idu) o (vr x idx)*(j)) 

^ (M, {t\a ^ idAi) o{i X idx)*{T^ x idx)*(f)) 
= (M, {t\a K1 idu) o (1 X idxYcp) ■ 
The last object lies in ©^(X) and is given by an object M G T^iX) and the isomorphism 

Q,^ M M ^*x'\a ^ M ^^g^ Q,^ ^ M. 

Note that the first map above comes from the natural trivialization of ■7t*C'\a, hence this last object 
(which lies in VAiX)) corresponds to the action of A on the object M G T^iX) by the character 
X : A ^ Qi . By Proposition 13.71 the functor from Vu ci{X) to Vq ^*jr,{X) is fully faithful. Hence 
we have a fully faithful functor from Vjj^c'i^) to 'D^(X). As we have seen above, the essential 
image of this functor is contained in the full subcategory of 'Dq{X) consisting of objects on which 
A acts by x- Moreover, it follows from Proposition 13.71 that the essential image is precisely this 
full subcategory. Finally, using Lemma 13.91 we can identify this full subcategory with ,(pt). 

The remaining statements in the proposition are also clear. □ 



3.5 Alternative descriptions of eV{G) and eVu^G) 

Let us now describe eT){G) and eT>H{G) as categories of certain quasi-equivariant complexes. The 
connected unipotent group acts by left translations on G. Let fix '■ N x G ^ G denote this 
action. This is the restriction of the multiplication map. Also, since A^ is a normal subgroup of H, 
we have an action H on N by conjugation, and we can form their semidirect product H t< N. 

^Note that we have a homomorphism from A to tvo{Ux). Moreover, this homomorphism is injective if C'\uo is 
trivial. 
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Then the action of on G by left translations and the action oi H on G by conjugation give us 
an action a H \k N on G. Let C : H x G ^ G denote the conjugation action. Since C is a 
G-equivariant local system on N, we see that pr^/I is in fact a multiplicative local system on H t<N, 
where pr2 : H t< N ^ N is the second projection. From now on, let us denote by U the group 
H t< N, and by C , the multiplicative local system pr2C on U. 

Proposition 3.11. 

(a) eV{G) = T>jsi,c{G) as full subcategories ofV{G). 
(h) eVniG) = T>ij,c'{G) as full subcategories ofV{G). 
Proof, (a) Let M G T>{G). Let us compute ^^(e * M). Since e is supported on N , we have that 

H*N{e*M) ^ n*^fiNiieMM). 
By proper base change, we have that 

IJ,*^HN\ie^M) = {idN X tiN)\{lJ'\NxN X i(iG)*(/^[2 dimiV](dimiV) ^ M) 

^ {idN X fiN)\{^^eMM) 
^ Cm{e* M). 

Hence we have that ;U^(e * M) = CM{e* M), i.e. e * M G VN,ciG). 
On the other hand, if we have iJi*^M = CM M, then we have that 

C*M^ IJNil^lfM ^ M ^ fijvMi = M[-2dimA^](-dimA^). 

The middle isomorphism is given by the projection formula. Hence we see that e* M = M. Hence 
we have that eT){G) = 'Dn,c{G). 

(b) We have that eVniG) = eV{G) r\VH{G). Hence, we see that eVuiG) = Vn^c{G) nV^^^{G). 
Hence it is clear that (G) C ePj/(G). 

Ontheother hand, suppose M G 2:'Ar,£(G)nr'j:^Q^(G) = eVuiG). The map a : {HkN)xG ^ G 

factors as {H x A^) x G ^'^—^^ N x G -^-^ G, where the first map is given by {pr2, c) : {{h, n),g) i— > 
(n, hgh~^). Hence we see that 

a*M ^ {pr2, c)*fi*NM ^ {pr2, cY{C K M) 

^ (Q; K £) M ^C'MM. 
Hence M G (G). □ 

4 The category eVniG) 

In this section, we will study the Q^-linear category eVniG) and give the proof of Theorem 11.11 
We have seen that eVH{G) = 'Du^c'iG) as full subcategories of T>{G). 
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4.1 Support of objects of eVniG) 

Let us show that there exist finitely many [/-orbits in G, such that the support of every object of 
e'DH{G) is contained in their union. First, for a (7 € G, let us describe the stabilizer Ug. Note that 
we have (/i, n) • g = nhgh~^. Hence {h, n) € Ug if and only if hgh~^g~^ = n~^. Let Cg : H H he 
the commutator map defined by Cg{h) = hgh'^^ g~^ . Note that we have the following identity 

Cgig-zih) = Cg^ih) ■^'cg.^ih). (7) 

Since H/N is commutative we have that in fact Ch' : H ^ N for h' G H. From these observations, 
we obtain 

Proposition 4.1. Ug = {{h,Cg{h)-^) \cg{h) G N}. Let Hg = pri{Ug) = {h £ H\cg{h) G N}. 
Hence, we have the map Cg : Hg N. Then c*£. is a multiplicative local system on Hg. Moreover, 
the subgroup Hg depends only on the coset Hg. 

Proposition 4.2. Let M G Vu^c'iX). Suppose g e G is such that Mg ^ 0. Then CgC = Qi as 
local systems, or equivalently, the multiplicative local system c*C\ho on Hg is trivial. 

Proof. By Proposition 13.81 we must have C\ug — Q/ as local systems. But we have an isomorphism 
pri : Ug — > Hg, and under this isomorphism C\ug corresponds to c*(£~^). □ 

From ([7|), we see that we have cj^/g£ = {c'^,C)\Hg c*gC for h' G H, where we consider Ch'g,Cg 
as maps from Hg N. Let us now fix a g G G, and find all h'g G Hg such that c^'g£ is trivial, or 
equivalently (c^,£)|Hg = c*(£"^). 

We will now need the construction described in Appendix A. 13 of [B]. Note that we have a 
connected unipotent group H, with a connected normal subgroup N such that [H, H] C N. We 
also have an ff-equivariant multiplicative local system £ on N. Then this construction gives us a 
map (pc ■■ {H/N)perf iH/N)*^^j, where iH/N)*^^j is the Serre dual of {H/N)perf- Note that we 
have the map Ch' ■ H ^ N for h' ^ H. The map (j)c is induced by the map h' ^ c^'^C. By our 
hypothesis, the map is an isogeny. Let Hg denote the identity component of Hg. Note that the 
inclusion i : H^/N ^ H/N gives us the surjective map i* : {H/N)*^^j^ {H^/N)*^^j-. Note that 
the isomorphism (c^,£)|/f^ = c*g{JZ~^) of local systems exists if and only if {c'^,C)\fjo = Cg\*j^o{C~^). 
Now Cg\*^o{C~^) gives us an element of s G {Hg/N)*^^j. From this, we see that we have the 
following: 

Proposition 4.3. The objects of T>ir^£i{Hg) can only be supported on those h'g G Hg such that 

i*{ct>cm')) = s. 

This defines a closed subvariety of Hg made up of finitely many U -orbits in Hg. 

Proof. By what we have said above, it follows that an isomorphism c*^igC- = Q/ exists if and only 
if {cI,C)\ho = Cg\*o{C~^), i.e if and only if i*{(j)c{Nh')) = s. The set of all such h'g defines 

9 tig 

a closed subvariety of Hg which is stable under the action of U , and has dimension equal to 
dimA^ + dim(ff/A^) — dim(Hg/N). Moreover, all [/-orbits in Hg are closed and have dimension 
equal to the number above. Hence we see that this subvariety must consist of finitely many [/-orbits 
in Hg. □ 
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4.2 Proof of Theorem [TT] 



We can now prove Theorem ll.li Indeed, from Proposition 14.31 above, we see that objects of 
e2?//(G) = T>u^c'{G) are supported on finitely many [/-orbits in G. Proposition 13.101 describes 
the categories of quasi-equivariant complexes and perverse sheaves supported on a single orbit. In 
particular, we see that M^^'^^ must be a semisimple abelian category and that eT>j{{G) must be its 
bounded derived category. From Proposition 13. lOl it also clear that all the simple objects in A^f^^^ 
must be suitably shifted local systems supported on a closed subset, namely a [/-orbit in G. 



4.3 The category eVniH) 

Let us now study the braided monoidal category eVfjiH) with unit object e. 

Lemma 4.4. The U -orbits in H are the cosets Nh' of N in H. Hence the objects of eT>H{H) are 
supported on the cosets Nk of N such that Nk E Kc = ker{(j)L : {H/N)perf — > iH/N)*^^j). 

Proof. Note that for h' E H, H^i = H, since Ch'{H) C N. Then the first statement is clear, since 
{h,n) ■ h' = nhh'h^^ = n[h,h']h' G Nh'. The second statement follows from Proposition 14.21 □ 

(We have K/N = Kc-) Let denote the 



Proposition 4.5. Let k e K := {k G H\clC = 
right translate of e by k ^ H. Then e^ G eT>i{{H). 

Proof. First, let us check that G eV{H). Indeed, by Proposition l2.1l we have e*e^ = {e*e)^ = e^ . 
Note that for this, we do not require k to lie in K. Let us now show that e^ G T>h{H)- Let 
C : H X H ^ H denote the conjugation action and let Pi : H x H ^ H denote the respective 
projections. We will construct an isomorphism G*e^ = s'^. From the G-equivariant structure on 
C, we get an isomorphism G*e = -P2 ^. Note that we have a commutative diagram 




H xN. 

Hence we get a sequence of canonical isomorphisms 

C*e'=^Krfc.i)*(C,CfcoPi)>Vfc*e'= 

^ (i(i,rfc-i)*(C,CfcoPi)Ve 
^{id,rk-inC,CkoPi)*{emC) 
^ {id,rk-inC*e0P^Ck*C) 
^ {id,rk-.Y{P^e(^Plck*C) 
^(id,rfc-i)*(cfc*£Ke) 



^ Ck*CMe''. 

Note that by assumption, we have a trivialization d^C 
(j*gk ^ p|gfc^ Hence indeed we have e^ G eDniH). 



Hence we conclude that we have 

□ 
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Proposition 4.6. Let k £ K. Then e'^[— dimA^] is the unique irreducible perverse sheaf (up to 
isomorphism) in eT>H[H) supported onNk. In particular, the isomorphism class of e^ only depends 
on the coset Nk. Hence if we choose a set of coset representatives ki G K of K/N, e'^' [— dim A^] 
are all the irreducible perverse sheaves in eVniH) (up to isomorphism). 

Proof. Since e is supported on A^, is supported on Nk. We have seen above that e^ G e'DH{H), 
hence e^ G T)ij^£i{Nk). Note that the stabihzer of A; G Nk in U is = Hj^ = H. (See Proposition 
14. 1[ ) Since H is connected, by Proposition 13.101 we see that j^-'^^^,{Nk) = Vec. In particular, 
T)u^£i{Nk) has only one irreducible perverse sheaf up to isomorphism. The proposition now follows, 
since e'^[— dimA^] is perverse. □ 

Proposition 4.7. Let M E eVniG) and k e K. Then e^ * M ^ M * e^ = . In particular, if 
M G Me and k e K (and hence e^ G Me), then M * e'^ G Me- 

Proof Since e'' G Vh{II), we have that e'' * M = M *e''. By Proposition EH we have M * e'' = 
{M^ef^M^. □ 

Remark 4.8. Let Me,i denote the full subcategory of Me consisting of complexes supported on 
H. Proposition 14.71 above shows that Me,i is closed under convolution and also gives us the 
'multiplication table' for Me,i- Indeed, by Proposition 14.61 the simple objects of Me,i are given by 
the for k € K. The proposition tells us that e^^ * e^^ = e^^^^ for ki,k2 G K. 

Definition 4.9. Let C be a semisimple tensor category over an algebraically closed field of char- 
acteristic zero, with simple unit object. We say that C is a pointed category if all simple objects in 
C are invertible. 

Corollary 4.10. The category Me,i is a monoidal category with unit object e. It is a pointed 
category. 



4.4 Twists in the category eVu^H) 

Note that for k £ K, we have constructed in Proposition 14.51 an isomorphism C*e^ 
Pulling back this isomorphism via the diagonal A : H ^ H x H, we get an automorphism 0^ = 9]sfk 
of e'^. We will call this the twist of e^. Since e'^ is a simple object, this is a number in Q; . 
Let us compute the twists. Namely, we show that these twists give a polarization of a certain 
non-degenerate symmetric bimultiplicative form Kc x Kc — »■ Q; . Note that the isogeny (pc : 
{H/N)perf — > iH/N)*^^j gives us a skew-symmetric bimultiplicative local system on H/N x H/N . 
Hence as described in [HI §A.10], we get a non-degenerate symmetric pairing B : Kc x Kc — > Q*. 

Proposition 4.11. The twists O^k us a quadratic form 6 : Kc — > Q*i . This quadratic form is 
a polarization of the pairing B above, namely we have ^Affcife2^7VA:i^7Vfe2 ~ B{Nki,Nk2). 

Proof. Note that by the proof of l4.51 we see that for every k £ H we have a canonical isomorphism 
^ P^c^L ^2*6*^. Let c : H X H ^ N denote the commutator map. Then as described in [BJ 
A. 13, the map (f)c is induced by the bimultiplicative local system c*C on H x H. We have a unique 
trivialization p : {c* C)\hxK Q/ of bimultiplicative torsors on H x K. We get the trivialization 
Pk ■ c'^C by pulling back p by the map H ^ H x K given by /i ^ (/i, k). Hence we get the 

i?-equivariant structure isomorphism C*e = Pj*c^£ ® Pg ^ — > <Qi (g) P|e . To compute the twist 
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9k, it is sufficient to compute its restriction to the stalk of e at tlie point k. So let us consider the 

composition : {fc} ^ H —> H x H. Pulling back the isomorphisms above and in 14. 51 by A^, we 
get the following automorphism 

e(l) = e(l) ® Q; ^ e(l) ® £(1) '''^"'^ e(l) 0% = e(l). 

Note that the pullback of the bimultiplicative local system c*C on HxH hy the diagonal is the trivial 
multiplicative local system on H. This trivialization comes from the isomorphism C{1) Q^. 
Hence using Lemma A. 26 from we conclude that 9 is indeed a quadratic form that gives a 
polarization of S. □ 



5 Convolution of perverse sheaves 

In this section, we will prove Theorem 11.21 Let M,L be irreducible perverse sheaves in A4e'^^^ ■ We 
want to show that M * L[dimA^] is also perverse. Let us first show, as a consequence of Artin's 
theorem, that M*Le PV^'^i'^ ^ (G) . 

5.1 A consequence of Artin's theorem 

The following result is essentially due to M. Artin: 

Theorem 5.1. If f : X ^ Y is an affine morphism of separated schemes of finite type overk, the 
functor /* : 'D{X) — > takes pI)-^{X) into ^T)-^{Y). Hence by Verdier duality, the functor 

/i : V{X) V{Y) takes pV^^{X) into pV^^{Y). 

Let us use this theorem to prove the following: 

Proposition 5.2. Let M,L be irreducible perverse sheaves in Then M *L G pp>dimAf|^(^^^ 

Proof. We have seen that M, L are suitably shifted local systems supported on [/-orbits in G. It 
follows that M Kl L is a perverse sheaf on G x G. Consider the free action of on G x G given by 
''T'' (91,92) = {9in~^ ,ng2)- Then the multiplication map fi : GxG —>■ G, factors as G x G ^ ^\{G x 

G) A G. Now we know that vr* induces an equivalence of categories 'D{N\(G x G)) = 'Dj\f{G x G). 
Also for any M' G V{N\{G x G)), we have that 7ri{-iT*M') ^ M' (g) mQ; = M'[-2dim A](- dim A) 
by the Projection formula. Hence we see that vri takes A-equivariant perverse sheaves on G x G 
to PV^'^^^iNXiG X G)). By Artin's Theorem, we see that fl takes Ppd™^(A\(G x G)) into 

pp>dimAr^^))_ It follows that M * L = Hl{M M L) e Pp>dim7V((^)_ □ 



5.2 Convolving with the dual 

For a simple object M E Me, let us compute * M and show that it lies in Aig. We will use 
this preliminary computation to show that Me is closed under convolution. 

Lemma 5.3. For any M G eVniG), let Km = {k e K\M^ = M}. Then Km is a closed subgroup 
of K which contains N. 
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Proof. It is clear that Km is a subgroup. By Proposition 14.71 we have that = M * . Since 
the isomorphism class of only depends on the coset Nk, we see that the isomorphism class of 
depends only on the coset A^A;. Hence A'^ C Km- Since K/N is finite, it follows that Km is a 
closed subgroup of K containing A^. □ 

Proposition 5.4. Let M € Me be a simple object supported on the U -orbit of g ^ G. Then 
M"^ * M e Me,i. In fact M"^ * M ^ 

NkeKM/N 

Proof. Since M G T)ijjr/{Hg) is simple, we see that G 'Du^£i{Hg~^) is also simple. Hence it 
follows that M^*M G Vu^c'iH) = eVniH). By Proposition [231 we have that Hom(M^[m], M^) = 
Hom(M^ * M[m],e) for any m (z Z. In other words, since M'^ is a simple object, we have that 
Hom^M"^ *M,e) = Qi and Hom(M^ * M[m],e) = for m / 0. Also for any A; G iiT and m G Z, we 
have that 

Hom(M^ * M[m],e^~') = Hom(M^ * M * e^H, e) = Hom(M^ * M^[m], e) 

= Hom(MVH,(M'=)^). 

We see that 

''i if m = and M'' ^ M 



Then using the fact that Me is semisimple and that eT>H{G) is its bounded derived category, we 
conclude that we must have 

NkGKM/N 

In particular * M G Me,i. □ 
Lemma 5.5. Let M, L G Me be nonzero. Then M * L is also nonzero. 

Proof. We may assume that M, L are simple objects. Suppose M * L = 0. Then (M^ * M) * L = 0, 
i.e. * L = 0. By Proposition 14.71 we see that this is absurd. □ 

\NkeKM/N J 

5.3 Proof of Theorem [TH 

Let us now complete the proof of Theorem 11.21 Let M, L G Me be simple. Then by Proposition 
[QI we know that M * L e pt)^- '^'^ ^ (^G) . Also, M * L € eVuiG) which is the bounded derived 
category of the semisimple abelian category Me- Hence we see that we must have M * L = 
P^ © 1] • ■ ■ © m] for some non-negative integer m and G Me- Now we have that 

M"^ *{M*L)^ * P° © * P'^[-l] • • • © * P™[-m]. 

On the other hand (M^ * M) * L G Me by Propositions 15.41 and 14.71 By Proposition \b.'2\ we have 
that * P'[-i] G pv^-'^''^^+'{G). Hence for i > 0, we must have that M"^ * ^ 0. From the 
lemma, we conclude that we must have P* = for all i > 0, i.e. M * L = P". In other words 
M * L G Me- Also we have that e & Me- Hence Me is a full subcategory of the monoidal category 
eT>H{G) that is closed under convolution, and contains the unit e. Hence Me is indeed a monoidal 
category with unit object e. 
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6 Rigidity of Me 



In this section, we will prove that the category TWe is rigid. Me is graded by the finite group T. 
This grading is faithful (Defn. 12. 6p . Moreover, we have seen at the end of N4.3I that the identity 
component Aie,i is pointed. Also, we have described a weak notion of duality in the category A4e. 
Hence the rigidity of Me follows from Theorem 16.11 below. 

6.1 Rigidity in certain graded tensor categories 

Let C be a tensor category over a field k of characteristic zero such that: 

(i) As a A:-linear category, C = Vec © • • • © Vec. 

(ii) Endl = k. 

(iii) For every simple object M G C, there exists a simple object S C such thalU 

dimHom(M © M"^ , 1) = dimHom(M^ © M, 1) = 1 

and 

Hom(M © y, 1) = Hom(y © M, 1) = 
for all simple objects y € C not isomorphic to M^. 

(iv) C has a grading C = by a finite group T so that Ci is pointed. Let Q denote the group 
of isomorphism classes of simple objects of Ci. 

Theorem 6.1. Let C be a tensor category as above. Then C is rigid and hence a fusion category. 
We will prove this theorem in ^6.31 Let us first recall some facts about rigidity and duals. 

6.2 Rigidity 

Definition 6.2. Let C be a monoidal category. Let M be an object of C. A left dual of M is a 
triple {M*,evM, coevM), where M* is an object of C, cvm ■ M*®M —>■ 1 and cocvm ■ 1 M^M* 
such that the compositions 

M ^ 1 © M {M (g) M*) (g) M ^ M {M* (g) M) ''^^i^^' M © 1 ^ M (8) 

and 

M* ^ M* © 1 '"^M^^evM M*®{M®M*)^ {M* ®M)®M* 1 © M* ^ M* (9) 

are equal to the identity morphisms. 

Remark 6.3. Given a triple (M* ,evM,coevM), we can define maps in either direction between 
Hom(A, M®B) and Hom(M* © A, B) for ah A,B &C. The conditions ^ and ^ imply that the 
compositions of these in either direction equal the identity maps. Hence in this case, the functor 
M* © (•) is left adjoint to M © (•). 

^ Under the first two conditions, this property is equivalent to the weak notion of duality described in (J2l 
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Lemma 6.4. LetC, M be as above. Let {M* , evM , cocvm) be a triple such that one of the composi- 
tions ^ and ^ is the identity, while the other one is an isomorphism. Then the other composition 
must also be the identity. 

Proof. Let A, B £ C. Then, as above, we get maps in either direction between Hom(^, M^-B) and 
Hom(M* (8) A,B). Since one of ([8]) and ([9]) is the identity, while the other one is an isomorphism, 
we can deduce that composition of these maps in one direction is the identity, while it is an 
isomorphism in the other direction. Hence it follows that the composition in the reverse order must 
also be identity. From this we can deduce that both ([8]) and ([9]) must be identity morphisms. □ 

6.3 Proof of Theorem 16.11 

In this section, we will prove Theorem 16.11 I would like to thank M. Boyarchenko for simplifying 
the proof. Let <S be a representative system of isomorphism classes of simple objects of C such that 
1 £ S. We will consider ^ as a subset of S. We have a grading C = C-^. Let us fix some M £ S 

lying in C-y. Then we must have G C^-i. To prove rigidity of C, it is enough to prove that M"^ 
is in fact the (left) dual of M. We may assume that G S. Let us now compute the objects 

M ®M'^ .W^ ®M £ Ci. 

Lemma 6.5. (i) X e G occurs in M <^ iff X ® M = M iff M'^ <^ X = M'^ . In this case, it 
occurs with multiplicity one. 

(a) Y e g occurs inM'^(^MiffM0Y^MiffY(S)M'^^M'^. In this case, it occurs with 
multiplicity one. 

Proof For X e Q, we have Hom(M (g) M^,X) ^ Hom(X~^ ® M M^,l) which is unless 
X-^ (S)M = M X (S)M = M in which case it is a 1-dimensional vector space, i.e. in this case 
X occurs with multiplicity one in M M^. The other assertions are similar. □ 

Let A = {X e Q\X M ^ M} and S = {y G g\M ®Y ^ M}. For each X G ^, we fix a nonzero 
map (which is unique up to scaling) cx '■ X ^ M ® M"^ . Similarly, for each y G S fix a nonzero 
map ey : M"^ ® M — >Y . 

Lemma 6.6. There exists X ^ A such that the composition 

X M M ® ® M '^^'^ M ® 1 (10) 

is nonzero. 

Proof. The map M®M^ (^M '"^M^^ M (g) 1 is nonzero. Also, we have M(^M'^ ®M = X®M 

with the inclusions being given by cx ® idM- Hence we conclude that for some X ^ A the 
composition (jlOp must be nonzero. □ 

In fact, let us now prove that we can take X = \. 

Proposition 6.7. For the triple (M^,ei,ci), the compositions ^ and ^ are isomorphisms. 
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Proof. Let us prove that ([8]) is an isomorphism. A similar argument can be used to prove that ([9]) 
is an isomorphism. Since M is a simple object, it is enough to show that ([8]) is nonzero, i.e. the 
composition 



ci_®idM 



is nonzero. Let X G ^ be as in Lemma 16.61 Let us fix an isomorphism cj) : X^^ (g) M 
have the following commutative diagram: 



(g) Af (g) M 



M- 



1. 



M. We 



(11) 



Also, since dimHom(l,M (g M"^) = 1, there exists an isomorphism il) : X ® X — > 1 such that 
the following diagram commutes: 



X-^ ® X > X-^ ®M®M^ 



(12) 



(l>®id 



Tensoring this diagram by M and putting it together with (jlip . we obtain: 

X-^ (g)X(^M > X-^ (^M®M^ ®M > M 1 



(13) 



ip®idM 

l(g)M' 



idm^ej 



->M O 1. 



By Lemma [6. 6 1 the composition of the two maps on the top row of this diagram is an isomorphism. 
Hence the composition in the bottom row must be an isomorphism. Hence we see that ([8]) is an 
isomorphism. 

□ 

Proof of Theorem \6.1\ Since ([8]) is nonzero, we can rescale the map c\ and ensure that ([8]) is the 
identity. Then since ^ is an isomorphism, by Lemma 16.41 it must also be the identity. Hence 
(M^, ei, ci) is dual to M. Hence all M G 5 have a dual. Hence C is a fusion category. □ 

Hence we conclude that Ale is a fusion category, completing the proof of Theorem 11.31 



7 Modularity oi Ml 

As we have noted earlier, we have a twist automorphism 9 of the identity functor on T>g{G). Pg(G) 
is a braided monoidal category. Let (3 denote the braiding. Let {M,(p) be an object of T>g{G). 



Then 6 



(M,</-) 



A*(j) : (M, 



{M,4)), where A : G ^ G x G is the diagonal. (See 



These twists satisfy the following balancing property 

Om*l = f3L,M o /3m,l o {9m * ^l), for all M, L G Vg{G). 



53.9].) 



(14) 
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In this section we will show that with the twist 6 defined above is a modular category. First 
let us show that it is a ribbon category. 

7.1 Ribbon property 

Let us recall the definition of a ribbon structure. 

Definition 7.1. Let C be a rigid braided monoidal category with braiding /?. A ribbon structure 
on C is an automorphism 9 of the identity functor on C satisfying the following two conditions: 

(i) 0M»L = I^LM o (3m,l o {6m ® Ol), for ah M,L£C, 

(ii) Om* = 9*M for ah M G C. 

Let us now show that the twist 9 defined on defines a ribbon structure on M^. As before, let 
L : G ^ G denote the inversion map. 

Proposition 7.2. The twists satisfy the following relations: 

(V ^*V,</') = (^(.-M.Hgx.)*.^))'^ for all {M,(l)) G Vg{G). 

(ii) W(^M,ct>) = (VA-W-M2dimG]{dimG)))"^ for all {M,(j)) G VciG). 

Hence ID)- 9m = 9n-M for all M G Vg{G) and 9\j = 9m^ for all M G eVciG). Since C 
eDciG) is a fusion category with duality defined by (•)^, we conclude that 9 defines a ribbon structure 
on M^. 

Proof, (i) follows from the equality L*A*(p = A*{idG x which is a result of the compatibility 

relation satisfied by (p. To prove (ii), first note that 9m®l = 9m ® 9l for M,L G Vg{G). Also, we 
have functorial isomorphisms Hom(L,DM) = Hom(L ® M, K) for M, L G 'Dq[G), where IK = "Kq 
is the dualizing sheaf on G. Under this correspondence, let ev : BM (8) M ^ K. be the map 
corresponding to idoM- Then the isomorphism Hom(BM, BM) = Hom(BM (8> M, K.) is given by 
/ I— > ef o (/ (g) idM)- Since 9k = idK and since 6 is an automorphism of the identity functor, we 
have that ev o (%m®m) = 9k o ev and hence ev o [idj^M ^ 9m) = ev o (^^m ® ^^m)- Hence we 
conclude that indeed B^m = ^^^f Since B~ = /,* o B = Bo/,*, we conclude from (i) and (ii) 
that B~9m = 9o~M for all M G VdG). And since (^^ = B"(-)[2dim Af](dimA^) we also have 
9lj = 9m^ for all M G eVdG). □ 

7.2 Proof of Theorem [TSl 

Theorem lLSf i) follows from Theorem ll.il We have seen that the category Me is a braided F-crossed 
category. Hence it follows that Ad^ has the structure of braided monoidal category. Rigidity of 
A^g follows from the rigidity of Me- Combining these observations with Theorem ll.Sl fi). we deduce 
Theorem ll.5r ii). Let us now prove statement (iii). It follows from ^7. II that the identity component 
A4e,i is a ribbon category. In ^4.41 we have seen that the twist on Me,i is given by a quadratic form 
which gives a polarization of the non-degenerate symmetric pairing B : Kc x Kc Qi . Since B 
is non-degenerate, it follows that Me.i is a modular category. Then it follows from [DGNOI Prop. 
4.56(ii)] that Me must be a non-degenerate braided category. We have seen above that Me is a 
pre-modular category. Hence we conclude that Me is a modular category. 



19 



References 

[B] M. Boyarchenko. Characters of Unipotent Groups over Finite Fields, December 2007, 
la?Xiv:()712.2614| yl. 

[BD] M. Boyarchenko and V. Drinfeld. Character Sheaves on Unipotent Groups in Positive Char- 
acteristic: Foundations, October 2008. larXiv:0810.0794V l. 

[DGNO] V. Drinfeld, S. Gelaki, D. Nikshych and V. Ostrik. On Braided Fusion categories I, June 
2009, arXiv:0906.0 620vl. 



20 



